In this work, defect-based local error estimators for higher-order exponential operator splitting methods are constructed and analyzed in the context of time-dependent linear Schrödinger equations. The technically involved procedure is carried out in detail for a general three-stage third-order splitting method and then extended to the higher-order case. Asymptotical correctness of the a posteriori local error estimator is proven under natural commutator bounds for the involved operators, and along the way the known (non)stiff order conditions and a priori convergence bounds are recovered. The theoretical error estimates for higher-order splitting methods are confirmed by numerical examples for a test problem of Schrödinger type. Further numerical experiments for a test problem of parabolic type complement the investigations.
Introduction
Scope of applications. A variety of contributions confirm the favorable performance of exponential operator splitting methods [1, 2] for the time integration of evolutionary Schrödinger equations [3] . As a small selection of works providing numerical evidence and a profound theoretical error analysis for linear and nonlinear problems, we refer to [4, 5, 6, 7, 8] and references given therein. Moreover, numerical experiments described in [9] show that the use of a local error control for adaptive time stepsize selection is beneficial for low-dimensional nonlinear Schrödinger equations such as time-dependent Gross-Pitaevskii equations.
Defect-based error estimators. In the present manuscript, our aim is to construct a posteriori local error estimators for higher-order splitting methods applied to linear evolution equations and to analyze them in the context of time-dependent linear Schrödinger equations i ∂ t ψ(x, t) = − ∆ ψ(x, t) + V (x) ψ(x, t) ,
involving a regular real potential V : R d → R and a regular initial state ψ 0 : R d → C. Such a local error estimator is a main ingredient in an adaptive time stepsize selection algorithm. In order to expose the technically involved procedure, which extends the construction and error analysis for the particular cases of the first-order Lie-Trotter and the second-order Strang splitting methods, given in our previous work [10] , we first focus on a three-stage third-order splitting method and subsequently describe the general approach. We prove asymptotical correctness of the a posteriori local error estimators under natural commutator bounds on the involved operators. Along the way we also recover the known (non)stiff order conditions and a priori convergence bounds, see for example [1, 5, 8] ; however, in the present work, we employ an alternative approach based on defects associated with splitting methods, which is also essential for the construction of a posteriori local error estimators. We confirm the theoretical a posteriori local error bounds by numerical examples for a test problem of Schrödinger type and also illustrate the error behavior of the a posteriori local error estimators for a test problem of parabolic type.
Extension to nonlinear problems. As in [10] , we restrict ourselves to the study of linear evolution equations. The even more technically involved construction and analysis of defect-based local error estimates for nonlinear problems based on the formal calculus of Lie-derivatives will be the subject of future research.
Outline. The structure of the present manuscript is as follows. In Section 2, we state the defect-based local error estimator associated with a higherorder exponential operator splitting method; as our approach is conceptually rather general and not particularly focussed on partial differential equations of Schrödinger type, we employ an abstract framework of evolution equations on Banach spaces. Auxiliary notations and results are collected in Section 3. The construction and analysis of the defect-based local error estimator is carried out in Sections 4 and 5; in order to demonstrate the general procedure with a reasonable amount of involved technicalities, we first focus on a three-stage third-order splitting method and only indicate the extension to higher-order splitting methods. The main tools for a generalization to exponential operator splitting methods of arbitrary order are then explicated in Section 6. In Section 7, in the context of time-dependent linear Schrödinger equations with sufficiently regular problem data we state a result ensuring the asymptotical correctness of the a posteriori local error estimator under natural commutator bounds on the involved operators. Numerical examples for higher-order schemes proposed in the literature [11, 12] , given in Section 8, illustrate the error behavior of time-splitting methods for initial-value problems of Schrödinger and parabolic type and in particular confirm the asymptotical correctness of the obtained a posteriori local error estimators.
Defect-based error estimators for high-order splitting methods
Linear evolution equation. In the following, we consider the abstract initial value problem d dt u(t) = H u(t) = A u(t) + B u(t) , t ≥ 0 , Due to linearity, it is sufficient to consider the evolution operator associated with (2a)
which satisfies the initial value problem
For a particular application the regularity requirements on the initial state are specified later on in Section 5.
High-order splitting methods. For the time integration of (2a) we study an sstage exponential operator splitting method of (nonstiff) order p ≥ 1, defined by coefficients (a j , b j ) s j=1 . For our purposes, it is useful to consider the numerical evolution operator
as time-dependent operator, contrary to practical realisations, where only the evaluation at discrete times is required. Whenever the evolutionary problem (2) with operator A related to the Laplacian originates from a Schrödinger equation, we impose the coefficients to be real, whereas complex coefficients a j ∈ C with (a j ) > 0 for 1 ≤ j ≤ s are considered for equations of parabolic type. Henceforth, we assume the basic consistency conditions OC 1:
to be satisfied.
Local error and defect. As standard, we define the local error as difference between the numerical and exact evolution operators
Inserting the splitting operator into equation (2c) for the exact evolution operator further defines the defect
As a consequence, due to
and thus by the variation-of-constant formula (Duhamel's principle) the integral representation
relating the local error and the defect is obtained.
Local error expansion and order conditions. A standard approach to derive the (nonstiff) order conditions of splitting methods is to require that certain derivatives of the local error vanish at t = 0, i.e.,
In regard to the construction and analysis of a posteriori local error estimators, we follow a different approach based on the equivalent conditions
rewritten in an appropriate way; for details, see Sections 4 and 6 below.
Defect-based local error estimators. For the purpose of local error estimation the integral in (4d) is approximated by means of an Hermite quadrature formula of order p + 1
More precisely, in order to construct an asymptotically correct a posteriori local error estimator for an s-stage splitting method (3) of order p ≥ 1, we choose the quadrature approximation
such that it relies on the evaluation of the first p − 1 derivatives of the integrand f at τ = 0 as well as the evaluation of f at τ = t and further involves certain uniquely defined weights (ω )
. Assuming validity of the order conditions (5b) this eventually yields the representation
In Section 5 we particularize this construction for a three-stage third-order splitting method and prove the asymptotical correctness
of the obtained a posteriori local error estimator under suitable regularity requirements on the argument v. In Section 6 we describe the extension to the general case, and in Section 7 we infer the resulting regularity requirements for linear Schrödinger equations. Furthermore, in Section 8 we illustrate the asymptotical correctness of the local error estimators by numerical examples for higher-order splitting methods applied to linear evolution equations of Schrödinger and parabolic type.
Auxiliary notations and results
In this section, we state auxiliary notations and results that are employed throughout.
Auxiliary notations
Time-independent operators such as A are written in standard font, and time-dependent operators such as E in calligraphic font.
Definition of related time-independent operators. In the following, we denote
for 1 ≤ j ≤ s; for instance,
Iterated commutators and related abbreviations. The commutator of two linear operators K, L is given by
clearly, the commutator identity
holds. As standard, iterated commutators are defined by
In regard to a suitable expansion of the defect, where certain iterated commutators frequently occur, we employ the abbreviations
Values of time derivatives. For values of the k-th-order derivative of a timedependent function we set
Auxiliary results
Sylvester-type equations. A Sylvester equation naturally occurs when determining the first time derivative of the splitting operator associated with the first-order Lie-Trotter splitting method, see also [10] . The following result collects solution representations for Sylvester-type equations needed for a suitable expansion of the splitting operator associated with higher-order splitting methods; later on, it is applied with A = A j and B = B j .
Lemma 1. Let A, B, K denote time-independent operators and G a timedependent inhomogeneity. Consider the inhomogeneous Sylvester equation
(i) The initial value problem (12) admits the solution representation
(ii) Provided that X satisfies the Sylvester equation (12), the timedependent operators U and V, defined by
are solutions of the Sylvester equations
respectively.
(iii) Provided that X satisfies the Sylvester equation (12) , the first commutator
is the solution of the Sylvester equation
Proof. (i) Straightforward verification, see also [10] .
(ii) Differentiating U we obtain from (12)
and analogously for V.
(iii) This follows directly from (ii) by combining (14b) and (14c).
Evolution equation for a triple operator product. In the following, we make use of the fact that the product of time-dependent operators which are solutions to Sylvester equations of the form
satisfies an evolution equation with dominant part involving H and a certain inhomogeneity. In particular, in Section 4 we employ the relation
obtained for a triple product, provided that (3b) holds with s = 3; this is verified by a straightforward calculation or follows from Lemma 2 deduced in Section 6.
Further notation and preliminary remarks. For the sake of compact and consistent notations, we introduce
and define by recurrence
9 Clearly, it holds S (0) j = S j and S (0) = S. We note that the defect (4b) equals
In order to capture the residual of a time-dependent operator X with respect to the j-th homogeneous Sylvester equation, we set
thus, identity (16b) can be reformulated as
Inserting
A priori local error analysis
Objective. In this section, our objective is to provide a suitable expansion of the local error (4a) ensuring
under certain regularity requirements on the argument v. By the integral relation (4d) and due to (19) this is equivalent to
provided that the exact evolution operator remains bounded on the underlying function space.
Approach. In principle, an appropriate expansion of the defect could be obtained by a standard Taylor series expansion
where the p-th-order conditions on the coefficients of the splitting method correspond to the conditions
which are also utilized in the construction of the a posteriori local error estimator. However, for a method of higher order involving a higher number of stages this approach becomes unfeasible, due to the rapidly increasing number of terms involved in
. We note that in addition a careful inspection of
(1) and a suitable reformulation of the involved operators as iterated commutators is required in order to retain the optimal regularity requirements on the argument v.
Alternative approach. In this work, we follow a different approach based on the derivation of suitable differential equations for the splitting operator, the defect and its higher derivatives. In this section, we expound our approach for a three-stage third-order splitting method, where a stepwise expansion of part of the integrand in (4d) yields the multiple integral representation p = 3 :
provided that the imposed order conditions (23)
hold. In the following subsections, the derivation of the expansion (24a) is explicated in detail, and, as a consequence, the desired a priori local error
is retained under certain regularity requirements on the argument v, see Proposition 1 below. For a p-th-order splitting method the same procedure leads to the following local error expansion
provided that the order conditions (23) are satisfied. Our approach establishes an explicit representation for the local error, which, however, is of high complexity for higher-order splitting methods. As it suffices to investigate the structure of the terms involved, we refrain from a specification of the resulting local error representation.
A first representation for the defect
For a splitting method involving three stages, i.e. s = 3, the defining relation (4b) for the defect reduces to
see also (18) and (19). Observing that S (0) j satisfies the initial value problem (22), yields the following initial value problem for the splitting operator,
We note that this also provides a representation for the defect, namely,
see (26a). The obvious generalization to an s-stage splitting method is
Aim. Our starting point is the local error representation given above,
ensuring L(t) v = O(t) under certain regularity assumptions on v, see also (4d), (22), and (27). In a first step, we aim for a suitable integral representation for the terms S
Integral representations for S
j . For convenience, we recall the abbreviations S 
see also (20), and thus an application of the variation-of-constants formula (13)
Local error expansion. Inserting the integral representation (30) into (28) shows L(t) v = O(t 2 ). In the context of linear Schrödinger equations, where the operator A is related to the Laplacian and B to a smooth potential, it is seen that S (1) j (t) v and as a consequence L(t) v are well-defined in the Lebesgue space L 2 for arguments v in the Sobolev space H 1 , see Section 7 for further details. Generally, the necessary assumption will reduce to a regularity requirement on the exact solution of the underlying differential equation.
Aim. In order to expand the local error further, we revisit (28) and deduce an initial value problem for the defect S (1) , aiming for an integral representation of the form
Due to the validity of the first-order conditions (3b), which correspond to OC 1:
this further leads to
Utilizing an integral representation for building blocks constituting
, provided that an additional order condition is satisfied.
Initial value problem for S (1) . We recall (29)
and that the defect is given by
1 , see (27). Relation (21) applied for instance to the triple product S
3 as well as
can be represented in an analogous way. By summation we thus obtain an initial value problem for the defect, rewritten as
involving the inhomogeneity
2 S
(1) 1
(1)
where
. It remains to investigate the leading contributions involving S Generalization. Again, it is straightforward to extend the above considerations to an s-stage splitting method, which leads to the representation
Integral representations for S (2) j and structure of the term S (2) . In order to ensure L(t) v = O(t 3 ), we next deduce an integral representation for the quantities S
, see also (22); this step is accomplished by invoking Lemma 4 with k = 2, see Section 6. An application of relation (59b) shows that S (2) j satisfies an initial value problem, rewritten as
(36) involving the second iterated commutators
recalling that S 
j , see (29). As a consequence, the integral representation
is obtained, where S
(1) j is expressed by (30). We point out that the first term in (37) satisfies e tB j A
[1]
only. In order to ensure that the leading term in S (2) , given by
satisfies S (2;0) (t) = O(t), we employ the second-order condition OC 2:
which in particular implies S (2;0) (0) = 0; recall that S (0) (0) = I. By means of the variation-of-constants formula
this further yields S (2;0) (t) v = O(t), as desired. Thus, together with the integral representation (30) the relation S (2) (t) = O(t) readily follows. It remains to specify the structure of the obtained representation for S (2) and in particular of δS (2;0) . Due to σ j S (0) j = 0, and with
. An application of Lemma 1 (iii) and (i) further implies
This shows that δS (2;0) can be expressed via compositions of at most two commutators and evolution operators associated with the subproblems. Similarly, the remaining contributions to S (2) involving S
(1) j are of this structure, see (35) and (30). Altogether, this implies that the quantity S (2) comprises compositions of at most two commutators and evolution operators.
Local error expansion. Subsuming the above considerations concerning S (2) and inserting the obtained integral representations for S 
A final expansion step ensuring
We employ the same procedure as before, with some additional technicalities. Revisiting formula (33) and applying the second-order condition S (2) (0) = 0, see (38), our aim is to deduce an initial value problem for S (2) in order to obtain an integral representation of the form
which leads to
Similarly as before, with the help of suitable integral representations for building blocks constituting S (3) it turns out that even L(t) v = O(t 4 ), provided that the third-order conditions are satisfied.
Initial value problem for S (2) . In order to obtain a further expansion of the term S (2) , we invoke Lemma 3 given in Section 6 with s = 3 and k = 3
with S (k) j defined by the recurrence in (22). That is, the operator S (2) satisfies the initial value problem
involving the inhomogeneity S (3) , see also (41).
Generalization. It is straightforward to extend the above considerations to a splitting method involving s stages, yielding
Integral representations for S (3) j and structure of the term S (3) . In order to ensure L(t) v = O(t 4 ), we deduce an integral representation for the quantities S j + B [1] j , evaluation at zero yields S
By definition (22) and (36)
j . Thus, the integral representation
follows, where S 
which ensure S (3;0) (0) = 0. By means of the variation-of-constants formula we obtain
and as desired S (3;0) (t) = O(t). Furthermore, the relation S (3) (t) = O(t) readily follows. In order to specify the structure of S (3;0) , arguments as in Section 4.3 are used, but with
j .
Altogether, this shows that S (3) can be expressed via compositions of certain iterated commutators and evolution operators.
Local error expansion. A local error expansion ensuring L(t) v = O(t 4 ) under suitable regularity requirements on v is finally obtained by inserting the above integral representations for S
into (40), see also (24a). In the context of linear Schrödinger equations involving sufficiently regular potentials, the evolution operators e tH , e tA , e tB preserve the regularity properties of their arguments [10, Lemma 12] ; thus it remains to deduce suitable bounds for iterated commutators, which leads to the regularity requirement v ∈ H 3 , see Section 7. The main tools for a generalization to higher-order splitting methods are deduced in Section 6.
Proposition 1 (A priori local error expansion).
Provided that the considered three-stage exponential operator splitting method satisfies the thirdorder conditions (32), (38), and (44), for the associated local error it follows
under appropriate regularity requirements on the argument v. The local error expansion in particular comprises third iterated commutators of the involved operators A, B and the evolution operators e tH , e tA , e tB .
Structure of the term S (4)
For p = 3 and in view of the analysis of our a posteriori local error estimator in Section 5 below, the structure of the quantity S (4) = δS (3) is relevant. For a general scheme involving s stages, Lemma 3 shows
20
where it remains to specify the quantities S 
involving in particular the fourth iterated commutators
We thus obtain the integral representation
with S (4) j (0) = 0, in general. In the context of Schrödinger equations this shows that the dominant terms in S (4) involving fourth iterated commutators impose the regularity requirement v ∈ H 4 to ensure S (4) (t) = O(1). We note that the quantities S (4) j (0) contain compositions of iterated commutators, which remain bounded under the regularity requirements imposed on the leading terms. Remark 1. Let us recapitulate the structure of the third-order conditions for a splitting method involving s stages. In addition to the basic consistency condition OC 1:
it is required that the conditions OC 2:
hold, see also (32), (38), and (44). We point out that S The above considerations also extend to high-order methods. For instance, a close inspection shows that the term provided that the conditions OC 1, OC 2, and OC 3 are satisfied. The direct verification of this fact requires rather tedious calculations which we do not explicate here. It can be shown that such a structure of the order conditions is valid for splitting methods of arbitrary order p; however, a rigorous proof of this fact is beyond the scope of the present manuscript and will be given in a separate work. Such a result also implies that the order conditions obtained in this way are non-redundant. Furthermore, this enables the automatic generation of the respective system of polynomial equations for the coefficients (a j , b j ) 1≤j≤s with the help of computer algebra.
A posteriori local error estimators
Construction of local error estimators (s = p = 3). As indicated before, for an exponential operator splitting method of the form (3) the construction of the defect-based local error estimator (7) relies on the application of an Hermite quadrature formula (6) for the approximation of (4d). In particular, for a three-stage third-order splitting method, application of the fourth-order Hermite quadrature formula
see also (6) , yields the local error estimator
see (4d), (24a), (27), and recall that the defect D equals S (1) . In fact, due to
and the validity of the conditions S (1) (0) = S (2) (0) = S (3) (0) = 0 reflecting the third-order conditions it follows
Construction of local error estimators (general case). More generally, following the analogous approach, for a p-th-order splitting method the defectbased local error estimator is given by
which leads to the representation (7).
-O(t)-terms in the multinomial expansion (45) for S (4) (t) (comprising all other index combinations as for instance (2, 1, 1) with homogeneous initial value), and -terms like, for instance,
which vanish at t = 0.
For the latter terms, O(t) remains to be shown. After rearranging, the triangle inequality implies that it is sufficient to verifỹ
These terms are given by the integral representations for S 
Altogether, this shows asymptotical correctness of the local error estimator P(t) from (50).
Proposition 2 (Asymptotical correctness).
Provided that the considered three-stage exponential operator splitting method satisfies the third-order conditions (32), (38), and (44), the associated defect-based local error estimator is asymptotically correct, that is, it holds
under appropriate regularity requirements on the argument v. The above expansion in particular comprises fourth iterated commutators of the involved operators A, B and the evolution operators e tH , e tA , e tB .
Asymptotical correctness (General case). More generally, for a p-th-order splitting method we obtain the following Peano representation for the quadrature approximation error
here, the p-th order Peano kernel K p is a polynomial of degree p in τ satisfying
Rewriting the difference P −L in a similar manner as before shows that the a posteriori local error estimator quadrature approximation is asymptotically correct,
provided that the argument v satisfies suitable regularity requirements. In the context of linear Schrödinger equations the necessary regularity assumptions are specified in Section 7; auxiliary results on the structure of S (p+1)
are provided in Section 6 below.
Main tools for a generalization to higher-order splitting methods
In the following, we derive auxiliary results specifying the structure of the operator S (n) for arbitrary n ≥ 1; as indicated in Sections 4 and 5 these results provide the main ingredients for an extension of our approach to higher-order exponential operator splitting methods (3).
Evolution equation for multiple product. The following auxiliary result provides a relation for the derivative of a multiple product of time-dependent operators X ν satisfying a Sylvester equation. We denote
Lemma 2. For any 1 ≤ j ≤ s the product X j 1 = X j · · · X 1 of timedependent operators satisfying the inhomogeneous Sylvester equations
is a solution of the initial value problem
In particular, the operator X = X
Proof. We apply induction on j.
• For j = 1 assertion (57a) follows at once from (56), since
• In order to prove the induction step j − 1 → j for 2 ≤ j ≤ s, we make use of the commutator identity (10) . Differentiation and application of the induction assumption yields
Rearranging the first three terms according to
, which completes the induction argument.
Representation for S (n) . In order to establish a local error expansion of the form (25) and to prove asymptotical correctness of the a posteriori local error estimator (7), it is essential to employ a suitable representation for
Lemma 3. The quantity S (n) can be represented in the form
where S (k) j are recursively defined by
Proof. We refer to Sections 4 and 5 for a detailed treatment of the special case s = p = 3 and recall the notations (20) as well as (22). With the help of Lemma 2 providing the starting point for an induction argument
1 , the proof of Lemma 3 is then identical with the proof of the general multinomial Leibniz formula for higher derivatives of a product of functions. In the present situation, the linear operation
according to (58b) replaces the linear operation of differentiation.
Main tools for the local error analysis. In our previous work [10] concerned with a posteriori local error estimators for (1) based on the first-order LieTrotter splitting method and the second-order Strang splitting method, respectively, it has been demonstrated that the obtained a priori and a posteriori local error expansions involve commutators of the operators A = i∆ and B = − iV applied to terms which are composed of the evolution operator e t(A+B) associated with the problem and of the evolution operators e tA , e tB arising in the splitting scheme; for notational simplicity, we omit an additional scaling factor in the definition of A. Due to the linearity of the problem, the regularity of the initial state and the smoothness of the potential determine the regularity properties of the exact solution, and the regularity of the initial state is inherited by the involved evolution operators, see also [10, Lemma 12] . In order to extend the a priori and a posteriori local error estimates given in [10, Theorems 1,2] to higher-order schemes, a main ingredient are bounds for higher-order iterated commutators. Auxiliary results given for instance in [8, 13] , see also references therein, ensure that the k th-order commutator ad k A (B) ψ is bounded in terms of V C 2k and ψ H k . To keep this presentation self-contained, we briefly explicate these smoothness requirements. A straightforward calculation yields
we point out that the terms comprising second spatial derivatives of ψ cancel. This in particular implies that the first commutator [A, B] = [∆, V ] is welldefined and bounded for arguments ψ ∈ H 1 , provided that the potential satisfies V ∈ C 2 . Similarly, it is seen that the second iterated commutator
is well-defined for ψ ∈ H 2 and V ∈ C 4 , whereas
only requires ψ ∈ L 2 and V ∈ C 1 . By induction, it follows that the dominant error term involving the iterated commutator ad k A (B) is well-defined provided ψ ∈ H k and V ∈ C 2k , see also [8, Section 2.2] for detailed arguments. Altogether, we obtain the following result on the asymptotical correctness of the defect-based a posteriori local error estimators (7), and along the way we recover the known a priori error bounds for higher-order splitting methods. 
with a constant C > 0 depending in particular on M p . (ii) A posteriori: If V ∈ C 2p+2 and ψ 0 H p+1 ≤ M p+1 , then the application of the a posteriori local error estimator P(t) ψ 0 is well-defined in L 2 and there holds
with a constant C > 0 depending in particular on M p+1 .
Numerical examples
In this section, we illustrate the error behavior of higher-order defect-based local error estimators (7) when applied to test problems of Schrödinger and parabolic type. The numerical results in particular confirm the asymptotical correctness of the constructed a posteriori local error estimators (7).
Splitting methods. For the sake of completeness we specify the coefficients of the employed higher-order splitting methods in Table 1 (real coefficients) and Table 2 (complex coefficients), see also [1, 2] . In addition, we apply the firstorder Lie-Trotter splitting method, where a 1 = b 1 = 1, and the second-order Strang splitting method, where
Test problem of Schrödinger type. As a first illustration, we consider the time-dependent linear Schrödinger equation (1) in one space dimension, subject to the periodic potential V (x) = sin 2 ( π 4
x) and the initial condition ψ 0 (x) = e −x 2 +i σ 0 (x) with σ 0 (x) = − ln e x +e −x . For the space discretization, we apply fast Fourier transform techniques. We truncate the unbounded spatial domain to the interval [−8, 8] and subdivide into M = 256 equidistant grid points. Due to the fact that the exact solution remains localized on the considered time interval [0, 1] and as the number of basis functions is chosen sufficiently high, the effect from the artificial periodic boundary conditions and the influence of the spatial error is negligible. For the time integration, we apply different splitting methods of orders p = 1, 2, 3, 4, 6 with real coefficients, namely, the first-order Lie-Trotter splitting, the second-order Strang splitting, a three-stage third-order splitting, a four-stage fourth-order splitting proposed by Yoshida, and an eight-stage sixth-order splitting proposed by Yoshida, see Table 1 . A numerical reference solution is computed by a fourth-order splitting scheme proposed in [11] , applied with constant time Table 2 : Splitting methods with complex coefficients of orders p = 3 (top) and p = 4 (bottom). stepsize ∆t = 2 −11 . The asymptotical correctness of the associated a posteriori local error estimators ensures that a numerical approximation of order p + 1 is obtained when subtracting the a posteriori local error estimator from the basic solution, since (S − P) − E = L − P = O(t p+2 ) .
In Figure 1 , the global errors of the basic splitting methods and of the associated improved integrators are displayed; the numerical results indeed confirm order p + 1 for the improved approximations. Thus, the observed error behavior for the linear test problem of Schrödinger type is in accordance with our theoretical analysis, see Theorem 1.
Test problem of parabolic type. As a further illustration we consider the linear evolution equation (1), but with imaginary unit replaced by one, which leads to a problem of parabolic type. Although this problem class is not strictly covered by our theory, the computations demonstrate that our error analysis also extends to more general classes of problems, provided that the evolution operators associated with the subproblems remain bounded on the involved function spaces. For the time integration we apply the first-order Lie-Trotter splitting, the second-order Strang splitting, a three-stage thirdorder splitting involving complex coefficients with positive real parts, and a four-stage fourth-order splitting involving complex coefficients with positive real parts, see Table 2 and [12] as well as references given therein. The global errors of the basic splitting methods and of the associated improved integrators, displayed in Figure 2 , illustrate the asymptotical correctness of the a posteriori local error estimators.
